As a generalized form of both intuitionistic fuzzy set and Pythagorean fuzzy sets, the q-rung orthopair fuzzy set (q-ROFS) has strong ability to handle uncertain or imprecision decisionmaking problems. This paper aims to introduce a new multiple criteria decision making method based on the original gain and lost dominance score (GLDS) method for investment evaluation. To do so, we first propose a new distance measure of q-rung orthopair fuzzy numbers (q-ROFNs), which takes into account the hesitancy degree of q-ROFNs. Subsequently, two methods are developed to determine the weights of DMs and criteria, respectively. Next, the original GLDS method is improved from the aspects of dominance flows and order scores of alternatives to address the multiple criteria decision making problems with q-ROFS information. Finally, a case study concerning the investment evaluation of the BE angle capital is given to illustrate the applicability and superiority of the proposed method.
Introduction
Uncertainty is filled with our daily life. For instance, when a decision-maker (DM) evaluates a student's scientific research ability, he/she may give the judgment as "not bad". Obviously, such an evaluation is imprecise. How to deal with such imprecision is a problem researched by many scholars over the past decades (Atanassov, 1986; Yager, 2014; Liu & Liao, 2017; Liu, Aiwu, Lukovac, & Vukic, 2018a; Pamučar, Badi, Sanja, & Obradović, 2018; Pamučar, Sremac, Stević, Ćirović, & Tomić, 2019) . As two effective extensions of Zadeh (1965) 's fuzzy set, Atanassov (1986) and Yager (2014) respectively proposed the intuitionistic fuzzy set (IFS) and Pythagorean fuzzy set (PFS) to represent the imprecise information by the membership function a, non-membership function b and hesitancy function g with the conditions: 0 1 ≤ a + b ≤ for the IFS and 2 2 0 1 ≤ a + b ≤ for the PFS. However, both of them fail to tackle some cases in real life. For example, suppose that a DM express his/her opinion in (0.6, 0.9), neither the IFS nor PFS can model this case because 0.6 0.9 0.1 + > and 2 2 0.6 0.9 0.1 + > . In this regard, Yager (2017) proposed the concept of q-rung orthopair fuzzy set (q-ROFS), which also describes DMs' opinions from the aspects of membership function a, non-membership b and hesitancy functions g, but the constraint was relaxed to 1a + b + g = ( 1) q ≥ rather than 1 a + b + g = for the IFS or 2 2 2 1 a + b + g = for the PFS. In this way, the above limitation can be overcome.
Since the q-ROFS was proposed, it has attracted increasing attention from scholars (Yager, 2017; Du, 2018a Du, , 2018b Gao, Liang, Shang, & Xu, 2018; Joshi, Singh, Bhatt, & Vaisla, 2018; Liu & Wang, 2018 G. W. Wei, Gao, & Y. Wei, 2018; Peng, Dai, & Garg, 2018; Wang et al., 2019; P. D. Liu & J. L. Liu, 2018; Liu, Chen & Wang, 2018b . These achievements can be classified into different topics, such as information measures (Du, 2018a (Du, , 2018b , q-ROF function , interval-valued q-ROFS (Joshi et al., 2018) and q-ROF aggregation operators (Liu & Wang, 2018 Wei et al., 2018; Peng et al., 2018; Wang et al., 2019; P. D. Liu & J. L. Liu, 2018; Liu et al., 2018b . For example, Du (2018a Du ( , 2018b studied the distance measures and correlation measures between q-ROFSs. Gao et al. (2018) proposed the q-ROF functions and then discussed their properties in depth, which contains the continuities, derivatives and differentials of the q-ROF functions. In addition, Joshi et al. (2018) proposed the interval-valued q-ROFS and then defined its basic operations and aggregation operators, respectively. Besides, a series of aggregation operators of q-ROFS have been studied in recent years. Yager (2017) introduced the concept of q-ROFS and then proposed the q-rung orthopair fuzzy (q-ROF) ordered weighted aggregation operator. Liu and Wang (2018) investigated the weighted averaging operator and weighted geometric operator of q-ROFSs. Wei et al. (2018) proposed several aggregation operators for generalized q-ROFSs, which contains the q-ROF generalized Heronian mean operator, q-ROF generalized weighted Heronian mean operator, q-ROF geometric Heronian mean operator, and q-ROF weighted geometric Heronian mean operator. Peng et al. (2018) defined a new score function of q-rung orthopair fuzzy number (q-ROFN) and then investigated the q-ROF weighted exponential aggregation operator. Moreover, some scholars also ex-as the ELECTRE, PROMETHEE, and TODIM. Essentially, the TOPSIS, VIKOR, COPRAS, MABAC and CODAS need to choose a compromise solution, that is, the nearest alternative to the ideal solution. However, the TOPSIS method does not consider the relative importance of distances of each alternative to the positive ideal solution and negative ideal solution. The VIKOR method calculates the utility values of alternatives from the perspectives of group utility and individual regret value respectively, but ignores the subordination of alternatives. The same limitation exists in the CODAS, MABAC and COPRAS methods. The ELECTRE method suffers from complex computation and time-consuming because it derives the consistency and inconsistency indexes according to the subdivision relations between alternatives (including dominance relation, indifference relation and incomparable relation). Although the PROMETHEE method can calculate the positive (negative) dominant flows of alternatives, it fails to describe the accurate relationships between alternatives under imprecise environment. Moreover, the standardization process is neglected in the TODIM method and the selected alternative may have poor performance under some criteria because the individual regret values are not taken into account.
Based on the gained and lost dominance connections between alternatives, Wu and Liao (2019) originally proposed the gain and lost dominance score (GLDS) method to solve cognitive complex MCDM problems. The GLDS method is a new dominance-based method. The principle of the GLDS method is to compare any an alternative A i with all the other alternatives A v ( 1,2, , ; )
under a criterion, and then aggregate the gained/lost dominance scores of A i to get its overall gained/lost dominance score. After that, two rankings of alternatives are obtained according to the gained dominance scores and lost dominance scores. Finally, a comprehensive ranking of alternatives is determined by an aggregation function. Comparing with other existing MCDM methods, the GLDS method has the following advantages (Wu & Liao, 2019) :
-The solution obtained from the GLDS method is the closest one to the ideal solution; -The normalization process in the GLDS method can tackle different types of criteria, while such a process is always ignored in other dominance-based methods such as the TODIM method (Zhang, Xu, & Liao, 2019) and PROMETHEE method (Liao et al., 2018a) ; -The GLDS method takes into account the "group utility" and "individual regret" simultaneously, and therefore the derived solution is more acceptable for most DMs. However, there are also some limitations in the initial GLDS method. Firstly, in the original GLDS method, the overall lost dominance score only retains the largest value but ignores all the other values. This assumption would fit some MCDM problems in which the DMs are risk-averse, but it fails to handle the case in which the DMs are risk-preferred or even preference dependence. Subsequently, the original GLDS method is limited to handle the MCDM problems with probability linguistic information (Liao, Jiang, Z. S. Xu, J. P. Xu, & Herrera, 2017) . Although the hesitant fuzzy linguistic GLDS method (Fu, Wu, Liao, & Herrera, 2018) was proposed recently, it can only be used to handle the qualitative MCDM problems, but cannot tackle the problems with q-ROF information. Thus, this paper aims to improve the GLDS method to overcome these two limitations.
To do so, methods to derive the weights of DMs and criteria are respectively investigated according to the newly proposed distance measure of q-ROFNs. After that, we improve the initial GLDS method by integrating the order scores of alternatives with a new aggregation function. To summary, the contributions of this paper can be highlighted as follows:
-We propose a new distance measure of q-ROFNs in which the membership degree, non-membership degree and hesitancy degree are considered, simultaneously. -A new method to determine the weights of DMs is investigated by the improved TOP-SIS method. Meanwhile, a goal programming-based method is developed to derive the weights of criteria. -A new concept called the order score of an alternative is defined. Then, a q-ROF-GLDS method is proposed in which a new aggregation function is introduced to integrate the dominance flows and the order scores of alternatives to obtain the ranking of alternatives. -We apply the q-ROF-GLDS method to address a case study concerning the investment evaluation for BE angle capital. The validity of the method is verified by some comparative analyses. The remainder of this paper is constructed as follows: In Section 1, knowledge of the q-ROFS and the initial GLDS method is recalled, respectively. A new distance measure of q-ROFNs is proposed in Section 2. Two methods are applied in Section 3 to determine the weights of DMs and criteria, respectively. In Section 4, we improve the initial GLDS method within the context of q-ROFSs and then propose the q-ROF-GLDS method. A case study related to the investment evaluation of the BE angle capital is presented in Section 5 to demonstrate the applicability and superiority of the proposed MCDM method. The study ends with some conclusions in the final section.
The q-rung orthopair fuzzy set
In this section, concepts and operations related to q-ROFSs are recalled for the facility of future presentation.
As a generalized form of both the IFS and PFS, the q-ROFS provides DMs more freedom to express their opinions on the membership and non-membership grades. Let
be a universe of discourse. A q-ROFS A in X is mathematically defined as (Yager, 2017) { } ,( ( ), ( )) ,
is called a q-ROFN. The hesitancy degree of a q-ROFS is defined as
For a q-ROFN ( , ) a a q a =a b , the score function and accuracy function can be defined as (Liu & Wang, 2018) :
On this basis, Liu and Wang (2018) proposed a method to compare q-ROFNs. For any two q-ROFNs 1 1 1 ( , ) q a = a b and 2 2 2 ( , ) q a = a b , (1) if 
be two q-ROFNs. Liu and Wang (2018) gave the operations of q-ROFNs as follows:
For a collection of q-ROFNs a j (j = 1, 2, ..., n) with ( ) 
A novel distance measure of the q-ROFNs
In this subsection, a novel Euclidean distance measure between q-ROFNs is proposed, and its properties are further investigated in detail. Let , a = a b be two q-ROFNs. The Euclidean distance between a 1 and a 2 can be defined as:
where q 1 , q 2 and * q are three integers with ) (Du, 2018a) are respectively used to calculate the distances between them. The calculation results are shown in Table 1 . Li and Zeng (2018) are respectively used to calculate the distances between them. The calculation results are shown in Table 2 . Szmidt and Kacprzyk (2000) are respectively employed to calculate the distances between them. The calculation results are shown in Table 3 . , d a a is the maximum one corresponding to Du's method. The main reason for this is that we consider the hesitancy degrees of q-ROFNs in the proposed distance measure. Moreover, we know that the ability to model DMs' opinions increases with the value of coefficient q increases. In this regard, the value of coefficient q should also be considered in measuring the deviation between q-ROFNs. Unfortunately, both the hesitancy degree and the value of coefficient q were not considered in Du (2018a)'s method, and therefore the obtained results are questionable.
From Example 2, we know that ( ) From Example 3, we can see that the same results are obtained by Szmidt and Kacprzyk (2000) 's method and the proposed method. Obviously, Eq. (5) is degraded to Eq. (61) in Szmidt and Kacprzyk (2000) if the given values are IFNs. Thus, as a general form of Szmidt and Kacprzyk (2000) 's method, the proposed method has wider applications and can be used to measure the difference between IFNs, PFNs or q-ROFNs.
Compared with the existing methods (Szmidt & Kacprzyk, 2000; Zhang & Xu, 2014; Du, 2018) , the proposed distance measure for q-ROFNs has the following advantages: (1) it has wider application fields, which contains IFNs, PFNs, and q-ROFNs; (2) all the parameters including membership degree, non-membership degree and hesitancy degree are considered in the proposed formula, and therefore the obtained result is convincing; (3) the proposed formula is time-saving compared with Li and Zeng (2018)'s method.
New weight-determining methods for DMs and criteria
In this section, two novel methods are investigated to derive the weights of DMs and criteria, respectively.
A method to determine the weights of DMs
For a multi-expert MCDM problem which contains a collection of alternatives A i (i = 1, 2, ..., m) and a set of criteria c j (j = 1, 2, ..., n), assume that t DMs are invited to assess the alternatives and then express their opinions in q-ROFNs. Let the weight vector of the DMs 
In this subsection, we investigate a new distance measure between q-ROFSs. After that, based on the positive ideal solution (PIS), negative ideal solution (NIS) and relative closeness formula, we propose an improved q-ROF TOPSIS method to derive the weights of DMs.
Firstly, we need to normalize the decision matrix ( ) k D . Here, we use the following equation to obtain the dimensionless evaluations:
, for benefit criteria , . ,
, for cost criteria
The optimal solution should be closest to the PIS and farthest from the NIS. However, in actual multi-expert MCDM problems, there always does not exist the PIS since different DMs may have distinct preferences on alternatives. Thus, it is hard to find the PIS which is accepted by all DMs. In this case, we take the mean values of DMs' evaluations as the q-ROF PIS, that is ( )
where
∑ , for all i = 1, 2, ..., m, j = 1, 2, ..., n.
Based on Eq. (8), the q-ROF PIS decision matrix is determined as
We further discuss the q-ROF NIS from two aspects, including the left q-ROF NIS and the right q-ROF NIS. The q-ROF NIS, which is deemed as the worst solution, should be farthest from the q-ROF PIS. In this sense, we introduce the q-ROF NIS from two aspects, namely, the left q-ROF NIS NIS l and the right q-ROF NIS NIS r :
.., m, j = 1, 2, ..., n;
Based on Eqs (10) and (11), the left q-ROF NIS decision matrix NIS l and the right q-ROF NIS decision matrix NIS r are, respectively, determined as: 
Remark 1. NIS l and NIS r shown as Eqs. (12) and (13) are, respectively, expressed as the PIS and NIS in the existing TOPSIS method (Zhang et al., 2019) . The reason why we choose them as the q-ROF NIS is that
is viewed as the non-optimal solution. In particular, if
, then it is regarded as the right q-ROF NIS, i.e., NIS r .
Once PIS, NIS l and NIS r are determined, we shall calculate the distances of them to the kth DM's q-ROF decision matrix
Based on Eqs (14), (15) and (16), we can obtain the distances from PIS, NIS l , NIS r to
We further derive the relative closeness
The smaller the value of ( ) k RC is, the lower importance of the kth DM should be, and vice versa.
Remark 2. Different from the relative closeness formula in the original TOPSIS method, in this paper, we use Eq. (29) to compute the relative closeness value of each DM. The key principle of Eq. (20) is to find out the optimal solution which has the shortest distance from PIS and farthest distances from NIS l and NIS r , simultaneously.
On this basis, the weights of the DMs can be calculated by
such that 0 k l ≥ ,
Next, we use the aggregation operator shown as Eq. (4) to aggregate DMs' decision matrices,
 , to obtain the collective one:
A method to determine the weights of criteria
In this subsection, based on the maximizing deviation method (Wang, 1997) , models are constructed to determine the weights of criteria.
As we know, the weights of criteria play a crucial role in solving MCDM problems. Unreasonable weights would lead to a questionable or even counter-intuitive decision results in real life. In most existing MCDM methods with q-ROF information (Peng et al., 2018) , the weights of criteria are predefined. It makes the decision results be of subjectivity. To address this issue, we introduce several goal programming models to determine the weights of criteria.
For criterion c j , the deviation of alternative A i to all the other alternatives
Using Eq. (5), Eq. (23) can be rewritten as
The key point to address MCDM problems is to find out an optimal alternative with good performances under all criteria. Meanwhile, in actual life, there often exist several alternatives which have approximate or equal performances on a certain criterion. Thus, it is unrealistic to assign all criteria with the same importance. By contrast, the larger the performance differences among the alternatives on a criterion is, the higher the importance of this criterion should be. Therefore, we should assign the weights of criteria which can maximize the deviations of all criteria. In this regard, we can construct the following goal programming model: 
> hold for all i = 1, 2, ..., m and j = 1, 2, ..., n.
Solving Model 1 by the Lagrange multiplier method, the optimal weights of criteria can be determined as
By maximizing the distances among different alternatives under the criteria, we can obtain the optimal weights of criteria based on the above goal programming model. If there exists larger deviation among alternatives under a certain criterion, then a higher weight should be assigned to this criterion.
Except the case that the weights of criteria are completely unknown, the situation that the weights of criteria are partially known is also common in many MCDM problems. In this case, similar to Model 1, we shall construct the following single goal programming model to calculate the weights of criteria: 
where q denotes the known information of criteria weights. In addition, it should be noted that the normalized constraint of weights in Model 2 is 1 1 n j j w = = ∑ , which is different from that in Model 1, that is, 
A q-ROF-GLDS method for MCDM problems
As discussed in the Introduction, the original GLDS method (Wu & Liao, 2019) has some limitations. Firstly, in the original GLDS method, the overall lost dominance score only retains the largest value but ignores other values. This fits the MCDM problems in which DMs are risk-averse, but fails to deal with the case that DMs are risk-preferred. Subsequently, the original GLDS method (Wu & Liao, 2019) can only be applied to address the MCDM problems with probability linguistic term information but cannot deal with q-ROF information.
In this section, the GLDS method is investigated in the context of q-ROFSs based on the defined dominance flow, order score and aggregation function. The improved q-ROF GLDS method includes three parts: calculating the dominance flows of alternatives, determining the order scores of alternatives, and the final aggregation.
Calculating the dominance flows of alternatives

For two alternatives
, the dominance flow of the former over the later under criterion c j can be defined as
where ( ) As we know, the evaluation standards regarding the performances of alternatives may be different under different criteria. Thus, it would be inappropriate to integrate the dominance flows of alternatives directly. In this sense, all the obtained dominance flows need to be normalized. In the following, both the linear normalization and vector normalization methods are respectively used to derive the normalized dominance flows of alternatives. By vector normalization, we have
After normalization, for criterion c j , the gained dominance score of alternative A i to alternative A v can be defined by
Taking into account the weights of criteria, the comprehensive gained dominance score of alternative A i can be determined as
In the prospect theory, Kahneman and Tversky (2013) considered that DMs have different attitudes on gains and losses under distinct scenarios. Kahneman and Tversky (2013) also deemed that the majority of DMs are risk-averse for gains but risk-preferred for losses. In this sense, DMs with different risk attitudes would have completely different ways to handle the lost dominance flows of alternatives. Therefore, different from the original gained dominance score function, we shall discuss the lost dominance scores of alternatives from two aspects, i.e., risk-averse and risk-referred.
If a DM is risk-averse, then, for criterion c j , the lost dominance score of A i to A v can be defined as
(30-1)
If a DM is are risk-referred, then, for criterion c j , the lost dominance score of A i to A v can be determined as
The comprehensive lost dominance score of A i is defined as
where ( , )
j v i LDS A A can be derived from Eqs (30-1) or (30-2), depending on the types of DMs.
Besides, we can derivate the ascending order 1 i R and descending order 2
Determining the order scores of alternatives
This part investigates the order scores of alternatives. Assume that j iv h equals to one if alter-
under criterion c j ; otherwise, j iv gh equals to zero. In this sense, from the aspect of gains, we define the order score of A i to A v as
where ( ) (j = 1, 2, ..., n) , we obtain the order score of alternative A i to all the other alternatives as
From the aspect of losses, we obtain the order score of A i to A v as
For all criteria c j (j = 1, 2, ..., n), we obtain the order score of alternative A i to all the other alternatives as
The final aggregation
At the final stage, we shall apply the aggregation function shown as Eq. (36) to integrate the results obtained in both Sections 4.1 and 4.2 to derive the final ranking of alternatives:
where i gh and i lh represent the order scores of alternative A i from the aspects of gains and losses, respectively. CS i means the comprehensive score of alternative A i .
The final ranking of alternatives is obtained in descending orders of CS i (i = 1, 2, ..., m). The lager the value of CS i is, the better the alternative A i should be.
Procedure of the q-ROF-GLDS method for multiple experts MCDM problems
In this subsection, a new q-ROF MCDM method is proposed, in which both the weights of DMs and criteria are considered simultaneously. The procedure of the proposed method is given below step by step and lists in Algorithm 1:
Step 1. Construct an MCDM problem with q-ROF information, which contains a set of alternatives A i (i = 1, 2, ..., m) and a collective of criteria c j (j = 1, 2, ..., n). There are t DMs e k ( 1,2, , ) k t =  who are invited to evaluate the alternatives over the criteria and then give their opinions in q-ROFNs, i.e., ( )
Step 2. Normalize all the opinions provided by the DMs by Eq. (7).
Step 3. Calculate the weight vector of DMs by Eq. (21).
Step 4. Calculate the weight vector of the criteria by Eq. (25) or Model 2.
Step 5 (29) and (31), respectively.
Step 6. Derive the order scores, 1 i R and 2 i R , of alternatives from the aspects of gains and losses by Eqs (32)-(35).
Step 7. Integrate the comprehensive dominance flow scores and the order scores of each alternative by Eq. (36) , and obtain the comprehensive scores of alternatives.
Step 8. Rank the alternatives according to the descending orders of CS i .
Algorithm 1 (The Q-ROF-GLDS method) Input: DMs' evaluation values with q-ROFNs. Output: The ranking of alternatives. (Wu & Liao, 2019) , the improved q-ROF GLDS method involves some novelties, including new methods to derive the weights of DMs and criteria, new function of the order scores of alternatives and new aggregation function shown as Eq. (45). In particular, for the order scores of alternatives, we discuss the lost dominance scores from two aspects, i.e., the DMs are risk-averse or risk-preference. In this way, the DMs would be free to choose an appropriate one for MCDM problems.
To clarify the improved q-ROF GLDS method, we further illustrate it by a flowchart shown as Figure 1 .
Case study: Investment evaluation of BE angle capital in China
In this section, a case study regarding investment evaluation of BE angle capital is presented to demonstrate the applicability of the proposed q-ROF GLDS method. After that, detailed comparisons with existing methods are given to verify the validity of the proposed method.
Case description
In recent years, the Angel investment, Internet Finance, and other investment/financial services have developed rapidly, which provides a strong capital thrust for both innovation and entrepreneurship. Meanwhile, the main body of entrepreneurship has also been translated from "small group" to "public", leading to more and more groups devoting themselves to entrepreneurship. For this reason, the innovation and entrepreneurship have become a value orientation, lifestyle and atmosphere. From Figure 2 , we can see that the scale of venture In addition, the investment amount has a decreasing trend compared with the same quarter. The total amount of early investment cases also decreases from 680 in Q2'16 to 528 in Q2'18, resulting in a significant decline. How to select high-quality angel-round investment projects has become a difficult decision-making problem. The BE company is an innovative private equity parent fund and managed by the world's top fund management team. It is praised by the world because it often tracks or follows up outstanding projects. The BE company mainly concentrates on the seed or angel investment, especially focusing on industrial internet, Internet finance, artificial intelligence, big data healthcare, intelligent hardware, and block chains. The investment team is composed of well-known venture capitalists from various fields, such as Harvard University postdoctoral students, president of Beijing University Institute of Industrial Technology and Minister of Science and Technology Development.
Recently, the BE company has a fund ready to put into Angel Round project through the company's preliminary screening from 304 projects. For the five preliminary screening projects, it still needs to further screen out the optimal one for investment. A brief description of these five projects is given in Table 4 . To select the invested projects accurately, four professional investors E k ( 1,2,3,4) k = of the BE Company score those five projects strictly by presentation. Because the information is not comprehensive, investors cannot give precise values. To express the investors' opinions as accurately as possible, their evaluations were made by two variables: membership degrees and non-membership degrees of q-ROFSs. All the investors E k ( 1,2,3,4) k = evaluated the five alternatives in terms of six criteria in Table 5 and then gave their decision matrices as 
Solving the case using the improved q-ROF GLDS method
In what follows, we use the q-ROF GLDS method to solve the case.
Step 1. Related information is given in Section 5.1.
Step 2. Note that all the criteria in this MCDM problem are benefit. So the normalization process is omitted.
Step 3. Using Eqs (8)−(13), the positive ideal solution PIS, left negative ideal solution NIS l and right negative ideal solution NIS r can be determined as: 
Calculate the distances from PIS, NIS l , NIS r to D N(k) through Eqs. (14)−(16), respectively. The calculation results are given in Table 6 . 
Step 4. We can obtain the distance between A i and A v ( , 1,2, ,5;
by Eq. (5) and the results are given in Step 5. Both the gained dominance scores and order scores of alternatives can be obtained through Eqs (28)−(31). The calculation results are shown in Table 8 . Step 6. Based on Eqs (32)−(35), the lost dominance scores and order scores of alternatives A i ( 1,2, ,5) i =  can be determined. The calculation results are presented in Table 9 . 
Step 8. We rank the alternatives in descending orders of CS i (i = 1, 2, ..., 5), and obtain the ranking of the alternatives as 3 2 4 1 5
A A A A A     . Thus, A 3 is the optimal investment project.
Comparative and sensitive analyses
In this subsection, detailed comparisons with existing methods are given to illustrate the validity and superiority of the q-ROF GLDS method.
Comparative analyses with other methods
(1) Solving the case by the q-ROF TOPSIS method
We address the case in Section 5.1 by the q-ROF TOPSIS method (Liu & Wang, 2018 ) and all the calculation procedures are presented step by step below.
Step 1. From Section 5.2, we know the normalized comprehensive decision matrix as D CN . Next, both the positive ideal solution pis and the negative ideal solution nis can be determined as: 
Step 2. By Eqs (37) and (38), we calculate the distance from the evaluation values of each alternative A i (i = 1, 2, ..., 5) to pis and nis, respectively. All the calculation results are given in Table 10 . Step 4. Rank the alternatives in descending orders of RC i . The ranking of the alternatives is 3
Thus, the optimal investment project is A 3 .
(2) Solving the case by the q-ROF VIKOR method Below we shall tackle this case by the q-ROF VIKOR method and related procedures are shown in detail below.
Step 1. Same as above.
Step 2. Calculate the values of group utility measure GU i and individual regret measure IR i by Eq. (40). The results are shown in Table 11 . Step 3. Determine the value of compromise measure CM i for each alternative by Eq. (41) .
The results are shown in Table 12 .
( )
The coefficient y represents the trade-off of the DM regarding GU i and IR i over the conflicting criteria: if 0 0.5 < y < , then the DM prefers to minimize the individual regret against group utility; otherwise, the DM prefers to group utility when 0.5 1 < y < . Especially, if y = 0.5, then the same attentions from the DM are paid to both the individual regret and group utility. Note: "31452" in Table 11 denotes the ranks of the alternatives, meaning 3
Step 4. From Table 12 , we obtain that the compromise solution is A 3 . That is to say, A 3 is the optimal investment project.
As mentioned above, there exist several differences among the rankings of the alternatives derived by the q-ROF TOPSIS method, q-ROF VIKOR method, and q-ROF GLDS method. Using the q-ROF TOPSIS method, we have 3 
which is the same as that determined by the q-ROF VIKOR method (y = 0.9).
However, the optimal investment project is always A 3 no matter what method is used. Note that the method to determine the positive ideal solution pis and the negative ideal solution nis is the same as NIS r and NIS l , shown in Section 3.2. As demonstrated in Section 3.2, in actual life, there always does not exist the pis because different DMs may have distinct preferences on decision-making problems. Meanwhile, it is also hard to find the optimal so-lution, namely the PIS, which is accepted by all the DMs simultaneously. More importantly, the formula to calculate the values of relative coefficient is questionable (Yue, 2011) . Thus, the result obtained by the q-ROF TOPSIS method is unconvincing. Like the q-ROF TOPSIS method, the approach to derive pis and nis also exists defects for the q-ROF VIKOR method. However, all above defects are tackled by the improved q-ROF GLDS method.
Sensitivity analyses
(1) Change in the weights of experts Experts' weights play an important role in the process of solving MCDM problems (Mukhametzyanov & Pamucar, 2018) . In the following, we make a sensitivity analysis about the proposed method by changing the weights of experts (see Table 13 ).
Subsequently, according to Eq. (25) or Model 2, we can obtain the weight vector of criteria, which are shown in Table 14 . Figure 3 depicts the final scores of the alternatives under different experts' weights to illustrate the effect of the experts' weights on the ranking results. From Figure 3 , we can obtain that when expert weight allocations are S-0, S-1, S-2, S-3 and S-4, then, the ranking results of the alternatives are the same, namely 3 
The scores of the alternatives vary with the values of experts' weights, but the optimal alternative is always A 3 . Since changes in experts' weights have little impact on the ranking results of the alternatives, the proposed q-ROF-GLDS method has good robustness and can be used for solving MCDM problems.
(2) Change in the weights of criteria We further make a sensitivity analysis about the proposed method by changing the weights of criteria (Pamučar, Božanić, & Ranđelović, 2017) . The weights of the criteria are given in Table 15 .
From Figure 4(a) , we can obtain that: (1) when criterion weight allocation is H-1, the ranking result of the alternatives is 3 Next, using the proposed q-ROF GLDS method, we can obtain that: (1) when criterion weight allocation is H-1, H-2 or H-7, then the ranking result of the alternatives is
(2) when criterion weight allocation is H-3 or H-5, then the ranking result of the alternatives is 4
(3) when criterion weight allocations is H-4, then the ranking result of the alternatives is 3
(4) when criterion weight allocation is H-6, then the ranking result of the alternatives is Figure 4 shows that A 3 is a highly volatile scheme under different weight assignments of criteria. A 3 ranks first four times in seven experiments under the q-ROF-TOPSIS method; while A 4 ranked first six times in seven experiments under the proposed q-ROF GLDS method. It shows that the optimal scheme selected by the q-ROF GLDS method is less affected by the change of criteria's weights. Meanwhile, for the proposed q-ROF GLDS method, changes in the weights of criteria have little impact on the ranking results of alternatives. Thus, it has a better robustness than the q-ROF TOPSIS method. In other words, the obtained optimal scheme for this case by our proposed method is A 3 , the same as the result of H-2. It shows 
that there are obvious differences among the five schemes under the third criterion and product innovation does play a key role in future earnings for angle capital. As has been mentioned above, the proposed q-ROF GLDS method has the following advantages:
-Methods to determine the weight vectors of DMs and criteria are respectively considered in the method. It would eliminate the influence of subjective factors as much as possible. -Both the dominance flow and order scores of alternatives are considered in the method. In this regard, the solution obtained by the q-ROF GLDS method is not only the closest one to the ideal solution but also dominates others.
Conclusions
In this paper, based on the original GLDS method, we proposed an MCDM method to tackle the problems with q-ROFS information. Firstly, we defined a new distance measure of q-ROFNs in which all the membership degrees, non-membership degrees and hesitancy degrees were considered at the same time. Thus, it can measure the deviations among q-ROFNs more accurately than existing formulas. Subsequently, using the improved TOPSIS method and the maximum deviation method, two methods to determine the weights of DMs and criteria were investigated in detail. On this basis, we improved the original GLDS method by integrating the order scores of alternatives and the proposed weight-determining methods. Finally, the proposed MCDM method was demonstrated by a case study regarding the investment evaluation of BE angle capital. Comparative and sensitive analyses were provided to demonstrate the robustness and efficiency of the proposed method.
In the future, we will apply the proposed q-ROF GLDS method to deal with other problems, such as hospital management, supplier selection and education evaluation. In addition, the application of the proposed method under the interval-valued q-ROFS environment is also an interesting direction to be studied. Zhang, X. L., & Xu, Z. S. (2014) . Extension of TOPSIS to multiple criteria decision making with Pythagorean fuzzy sets. International Journal of Intelligent Systems, 29, 1061-1078. https://doi.org/10.1002/int.21676
Zhang, Y. X., Xu, Z. S., & Liao, H. C. (2019) . Water security evaluation based on the TODIM method with probabilistic linguistic terms set. Soft Computing, 23(15) , 6215-6230. https://doi.org/10.1007/s00500-018-3276-9
APPENDIX
The proof of Theorem 1
(1) It is easy to obtain that ( ) ( ) , and therefore the proof is omitted.
(2) Case 1. In addition, if 1 2 a a = holds, it is easy to obtain that ( ) As analyzed above, we prove the property that ( ) 1 2 , 0 d a a = if and only if 1 2 a a = .
(3) Case 1. 
